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Abstract
In this paper, we investigate the analogue effect of the Aharonov-
Bohm effect for bound states in spin-0 relativistic quantum systems
in a cosmic string space-time with a spacelike dislocation. We analyze
the interaction of charged particle with an external uniform magnetic
field including the Aharonov-Bohm potential in this topological defect
space-time. We extend this analysis subject to a Cornell-type scalar
potential and subsequently with a vector potential. We first focus on
the effects of torsion and the cosmic string that stem from the space-
time with a spacelike dislocation, and the geometric quantum phase.
Then, we analyze the effects of torsion, and the geometric quantum
phase under the presence of Cornell-type scalar and vector potentials.
keywords: Relativistic wave equation : bound states solutions, electro-
magnetic interactions, Aharonov-Bohm effect, energy spectrum, wave func-
tions, special functions, topological defect, scalar potential.
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1 Introduction
The cosmic string space-time in polar coordinates (t, r, φ, z) is described by
the following line element [1, 2, 3, 4, 5, 6, 7] :
ds2 = −dt2 + dr2 + α2r2 dφ2 + dz2, (1)
1faizuddinahmed15@gmail.com ; faiz4U.enter@rediffmail.com
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where α = 1− 4µ is the topological parameter with µ being the linear mass
density of the cosmic string. In the cosmic string space-time, the parameter
µ assumes values in the interval 0 < µ < 1 within the general relativity [8, 9].
Furthermore, in the cylindrical symmetry we have that 0 < r <∞, 0 ≤ φ ≤
2π and −∞ < z < ∞. Cosmic string may have been produced by phase
transitions in the early universe [10] as it is predicted in extensions of the
standard model of particle physics [1, 2]. Topological defects associated with
torsion have been investigated in crystalline solids with the use of differential
geometry [8, 11], quantum scattering [12], the Aharonov-Bohm effect for
bound states [13]. Recent studies have explored the effects of torsion on
condensed matter systems [14, 15, 16, 17].
The analysis of gravitational interactions with a quantum mechanical sys-
tem has recently been attracted a great deal of attentions and an active field
of research. Several authors have been studied the relativistic quantum me-
chanics in cosmic string space-time (e. g., [7, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27]). The Cornell potential is of our particular interest in this work. This
Cornell potential consists of a linear plus Coulomb potential, is a particu-
lar case of the quark-antiquark interaction, which has one more harmonic
type term [28]. The Coulomb potential is responsible by the interaction at
small distances and the linear potential leads to the confinement. Recently,
the Cornell potential has been studied in the ground state of three quarks
[29]. However, this type of potential is worked on spherical symmetry; in
cylindrical symmetry, which is our case, this type of potential is known as
Cornell-type potential [30]. This type of interaction has been studied in the
Refs. [7, 31, 32, 33, 34, 35, 36].
In Ref. [37], authors investigated a massive charged particles in the pres-
ence of external uniform magnetic fields including the Aharonov-Bohm po-
tential in a space-time with a spacelike dislocation. Authors later include
a linear scalar potntial on the same system obtained the energy eigenval-
ues. In Ref. [7], authors investigated the relativistic quantum dynamics of
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bosonic charged particles in the presence of external field with a Cornell-type
scalar potntial, and analyed the effects on the eigenvalues. In this work, we
investigate the relativistic quantum dynamics of bosonic charged particles
in the presence of external fields including the Aharonov-Bohm potential in
cosmic string space-time with a spacelike dislocation. We start with a rela-
tivistic scalar particle that interacts with an external uniform magnetic field
including the Aharonov-Bohm potnetial. We then study the same system
subject to a Cornell-type scalar potential and subsequently includes a vector
potential by searching for analytical solutions to the Klein-Gordon equation.
The structure of this paper is as follows: in Sec. 2.1, we obtain the
relativistic energy levels of a scalar particle that interacts with a uniform
magnetic field including the Aharonov-Bohm potential in cosmic string space-
time with a spacelike dislocation without potentials. Then, in Sec. 2.2, we
introduce a Cornell-type scalar potential into the same relativistic system,
and analyze the AharonovBohm effect for bound states. In addition, in
section 2.3, we introduce both scalar and vector potentials of Cornell-type
and analyze the effects of eigenvalues; in Sec. 3, we present our conclusions.
2 Bosonic charged particles : The Klein-Gordon
equation
Consider the cosmic string metric with a spacelike dislocation given by (x0 =
t, x1 = r, x2 = φ, x3 = z)
ds2 = −dt2 + dr2 + α2 r2 dφ2 + (dz + χ dφ)2, (2)
where α > 0 is the cosmic string, and χ is the dislocation (torsion) parameter.
For zero torsion parameter, χ→ 0, the metric (2) reduces to the cosmic string
space-time. Furthermore, for χ→ 0 and α→ 1, the study space-time reduces
to Minkowski flat space metric in Cylindrical coordinates.
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The metric tensor for the space-time (2) to be
gµν(x) =


−1 0 0 0
0 1 0 0
0 0 α2 r2 + χ2 χ
0 0 χ 1

 (3)
with its inverse
gµν(x) =


−1 0 0 0
0 1 0 0
0 0 1
α2 r2
− χ
α2 r2
0 0 − χ
α2 r2
1 + χ
2
α2 r2

 (4)
The metric has signature (−,+,+,+) and the determinant of the correspond-
ing metric tensor gµν is
det g = −α2 r2. (5)
The relativistic quantum dynamics of charged particles of mass m is de-
scribed by the Klein-Gordon (KG) equation [7, 38]
[
1√−g Dµ(
√−g gµν Dµ)−m2] Ψ = 0, (6)
where covariant derivative is defined by
Dµ = ∂µ − i e Aµ, (7)
where e is the electric charge, and Aµ is the electromagnetic four-vector
potential by
Aµ = (−A0, ~A) , ~A = (0, Aφ, 0). (8)
If one introduce a scalar potential by modifying the mass term in the form
m→ m+ S(r) [39, 40] into the above equation, we have
[
1√−g Dµ(
√−g gµν Dµ)− (m+ S)2] Ψ = 0, (9)
Using the geometries (2), Eq. (9) becomes
[−(∂t+i e A0)2+1
r
∂r (r ∂r)+
1
α2 r2
(∂φ−i e Aφ−χ ∂z)2+∂2z−(m+S)2] Ψ = 0.
(10)
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The equation (10) is independent of t, φ, z, so it is appropriate to choose
the following ansatz for the function Ψ
Ψ(t, r, φ, z) = ei (−E t+l φ+k z) ψ(r), (11)
where E is the energy of charged particle, l = 0,± 1,± 2.... ∈ Z is the
eigenvalues of z-component of the angular momentum operator, and k is a
constant.
Substituting the above solution (11) into the Eq. (10), we have
ψ′′(r) +
1
r
ψ′(r) + [(E − eA0)2 − 1
α2 r2
(l − eAφ − k χ)2
−k2 − (m+ S)2]ψ = 0. (12)
We choose the angular component of electromagnetic potential [41, 42,
31, 32]
Aφ = −1
2
αB r2 +
ΦB
2 π
(13)
such that the magnetic field is
~B = ~∇× ~A = −B0 kˆ. (14)
Here ΦB is the Aharonov-Bohm quantum flux [41, 42], and Φ =
ΦB
(2pi/e)
is the
Aharonov-Bohm potential.
2.1 Interaction without potentials A0 = 0 = S
Equation (12) reduces to the following differential equation
ψ′′(r) +
1
r
ψ′(r) + [λ˜−m2ω2c r2 −
j˜2
r2
]ψ = 0, (15)
where
λ˜ = E2 − k2 − 2mωc
α
(α l′ − k χ)−m2,
j˜ =
|(α l′ − k χ)|
α
,
l′ =
1
α
(l − Φ). (16)
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Transforming s = mωc r
2 into the above equation, we obtain [43]
ψ′′(s) +
1
s
ψ′(s) +
1
s2
(−ξ1 s2 + ξ2 s− ξ3)ψ(s) = 0, (17)
where
ξ1 =
1
4
, ξ2 =
λ˜
4mωc
, ξ3 =
j˜2
4
. (18)
The energy eigenvalues is given by
(2n+ 1)
√
ξ1 − ξ2 + 2
√
ξ1 ξ3 = 0
⇒ λ˜ = 2mωc (2n+ 1 + j˜)
⇒ En,l = ±
√
m2 + k2 + 2mωc (2n+ 1 +
|l − k χ− Φ|
α
+
(l − k χ− Φ)
α
), (19)
where n = 0, 1, 2, 3, 4, ........, l = 0,± 1,± 2, ........ and −∞ < k <∞.
If one would takes α = 1, the eigenvalues (19) becomes
En,l = ±
√
m2 + k2 + 2mωc (2n+ 1 + |l − k χ− Φ|+ (l − k χ− Φ)), (20)
which is similar to the energy eigenvalues of a massive charged particle in the
space-time with a spacelike discolation [37]. By compairing Eq. (19) with
Eq. (20), we can see that the presence of topolgical defects (cosmic string)
modifies the energy spectrum and break their degeneracy.
For ΦB 6= 0 and χ 6= 0, we can observe in Eq. (19) that there exists
an effective angular momentum leff =
1
α
(l − Φ− k χ). Thus the relativistic
energy levels depend on the Aharonov-Bohm geometric phase [41] as well as
torsion. This dependence on the geometric quantum phase gives rise to the
analogous effect to the Aharonov-Bohm effect for bound states [44, 45, 46].
Besides, we have that En,l¯(ΦB+Φ0) = En,l¯∓τ (ΦB) where, Φ0 = ± 2pi αe τ with
τ = 1, 2, 3, ....... and l¯ = l
α
.
By taking zero torsion parameter, χ→ 0, we obtain the following energy
levels in a cosmic sring space-time
En,l = ±
√
m2 + k2 + 2mωc (2n+ 1 +
|l − Φ|
α
+
l − Φ
α
). (21)
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Equation (21) is the energy spectrum of a massive charged particle in the
presence of external uniform magnetic field in a cosmic string space-time
including the Aharonov-Bohm potential. We can see in Eq. (21) that the
effective angular momentum l′ = 1
α
(l− ΦB
(2pi/e)
), and the energy levels depend
on the geometric quantum phase [41]. This dependence of the relativistic
energy levels on the geometric quantum phase gives rise to the analogous
effect to the Aharonov-Bohm effect for bound states [44, 45, 46]. We have
that En,l¯(ΦB + Φ0) = En,l¯∓τ (ΦB) where, Φ0 = ± 2pi αe τ with τ = 1, 2, 3, .......
and l¯ = l
α
.
If one would takes zero internal magnetic flux, ΦB = 0, then the energy
eigenvalues (21) reduces to
En,l = ±
√
m2 + k2 + 2mωc (2n+ 1 +
|l|
α
+
l
α
). (22)
Equation (22) is the relativistic energy levels of a charged particle in the
presence of external fields in a cosmic string space-time. This eigenvalues is
similar to the result obtained in [7]. So, by comparing the relativistic energy
levels (21) with the result obtained in [7] or (22), we can see that the energy
levels get modifies due to the presence of the Aharonov-Bohm potential Φ.
Now, By comparing the relativistic energy levels (19) with (22), we can see
that the effects of torsion (dislocation), and the Aharonov-Bohm potential Φ
modifies the energy levels, where the degeneracy of the relativistic Landau
levels is broken.
2.2 Interaction with a scalar potential, A0 = 0
We choose the scalar potential to be Cornell-type given by [7]
S =
ηc
r
+ ηL r, (23)
where ηc, ηL are the arbitrary potential parameters.
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Substituting Eq. (13), and the scalar potential (23) into the Eq. (12), we
obtain
ψ′′(r) +
1
r
ψ′(r) + [λ− ω2 r2 − j
2
r2
− a
r
− b r]ψ(r) = 0, (24)
where
λ = E2 −m2 − k2 − 2 ηc ηL − 2mωc
α
(l − Φ− k χ),
ω =
√
m2 ω2c + η
2
L,
j =
√
(l − Φ− k χ)2
α2
+ η2c ,
a = 2mηc,
b = 2mηL
and ωc =
eB
2m
(25)
is called the cyclotron frequency.
Transforming x =
√
ω r into the above Eq. (24), we obtain the following
wave equation:
ψ′′(x) +
1
x
ψ′(x) + [ζ − x2 − j
2
r2
− η
x
− θ x]ψ(x) = 0, (26)
where we have defined
ζ =
λ
ω
, η =
a√
ω
, θ =
b
ω
3
2
. (27)
Now, we use the appropriate boundary conditions to investigate the bound
states solution in this problem. It is require that the wave-functions must be
regular both at x→ 0 and x→∞. These conditions are necessary since the
wave-functions must be well-behaved in these limit, and thus, bound states
of energy for the system can be obtained. Suppose the possible solution to
the Eq. (26) is
ψ(x) = xA e−(B x+Dx
2)H(x), (28)
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where H(x) is an unknown function. Substituting the solution (28) into the
Eq. (26), we obtain
H ′′(x) + (
1 + 2A
x
− 2B − 4Dx)H ′(x) + [A
2 − j2
x2
−η + (1 + 2A)B
x
+ (ζ +B2 − 4D (1 + A)) + (4BD − θ) x
+(4D2 − 1) x2]H(x) = 0. (29)
Equating the coefficients of x−2, x1, x2 equals to zero into the above equation,
we have
x−2 : A2 − j2 = 0⇒ A = j,
x1 : 4BD − θ = 0⇒ B = θ
2
,
x2 : 4D2 − 1 = 0⇒ D = 1
2
. (30)
With these, the above Eq. (29) can now be expressed as
H ′′(x) + [
γ
x
− θ − 2 x]H ′(x) + [−β
x
+Θ]H(x) = 0, (31)
where
γ = 1 + 2A = 1 + 2 j,
Θ = ζ +B2 − 2 (1 + A) = ζ + θ
2
4
− 2 (1 + j),
β = η + (1 + 2A)B = η +
θ
2
(1 + 2 j). (32)
The Eq. (31) is the biconfluent Heun’s differential equation [7, 47, 48] with
H(x) is the Heun polynomials function.
The above equation (31) can be solved by the Frobenius method. Writting
the solution as a power series expansion around the origin [49]:
H(x) =
∞∑
i=0
ci x
i. (33)
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Substituting the power series solution (33) into the Eq. (31), we get the
following recurrernce relation for the coefficients:
cn+2 =
1
(n + 2)(n+ 2 + 2 j)
[{β + θ (n+ 1)} cn+1
−(Θ− 2n) cn]. (34)
And the various co-efficients are
c1 = (
η
(1 + 2 j)
+
θ
2
) c0,
c2 =
1
4 (1 + j)
[(β + θ) c1 −Θ c0]. (35)
As the function H(x) has a power series expansion around the origin in
Eq. (33), then, the relativistic bound states solution can be achieved by
imposing that the power series expansion becomes a polynomial of degree
n. Through the recurrence relation (34), we can see that the power series
expansion H(r) becomes a polynomial of degree n by imposing the following
two conditions [7]
Θ = 2n, (n = 1, 2, 3, 4, ......)
cn+1 = 0. (36)
By analysing the condition Θ = 2n, we get the following equation of
eigenvalue En,l:
E2n,l = m
2 + k2 + 2 ηc ηL +
2mωc
α
(l − k χ− Φ)
+2
√
m2 ω2c + η
2
L (n+ 1 +
√
(l − k χ− Φ)2
α2
+ η2c )−
m2 η2L
ω2
. (37)
For ΦB 6= 0 and χ 6= 0, we can observe in Eq. (37) that there exists an
effective angular momentum l → leff = 1α (l−Φ− k χ). Thus the relativistic
energy levels depend on the Aharonov-Bohm geometric phase [41] as well
as cosmic dislocation. This dependence on the geometric quantum phase
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gives rise to the analogous effect to the Aharonov-Bohm effect for bound
states [44, 45, 46]. Besides, we have that En,l¯(ΦB +Φ0) = En,l¯∓τ (ΦB) where,
Φ0 = ± 2pi αe τ with τ = 1, 2, 3, ....... and l¯ = lα .
By taking zero torsion parameter, χ = 0, Eq. (37) becomes
E2n,l = m
2 + k2 + 2 ηc ηL +
2mωc
α
(l − Φ)
+2
√
m2 ω2c + η
2
L (n+ 1 +
√
(l − Φ)2
α2
+ η2c )−
m2 η2L
ω2
. (38)
Equation (38) is the energy eigenvalues of massive charged particles in the
presence of external fields including the Aharonov-Bohm potential in the
cosmic string space-time with a Cornell-type scalar potential. We can see that
the above relativistic energy levels depend on the geometric quantum phase
[41]. Thus, we have that, En,l¯(ΦB + Φ0) = En,l¯∓τ (ΦB) where, Φ0 = ± 2pi αe τ
with τ = 1, 2, 3, ....... and l¯ = l
α
. Also the angular momentum l is shifted,
l → l′ = 1
α
(l − Φ).
For zero the Aharonov-Bohm potential Φ → 0, and torsion parameter,
χ→ 0, the energy eigenvalues (37) reduces to
E2n,l = m
2 + k2 + 2 ηc ηL +
2mωc l
α
+2mω (n+ 1 +
√
l2
α2
+ η2c )−
m2 η2L
ω2
. (39)
Equation (39) is the eigenvalues of massive charged particles in the presence
of external fields in the cosmic string space-time with a Cornell-type scalar
potential. This eigenvalues is similar to the result obtained in Ref. [7]. Then,
by comparing the relativistic energy levels (38) with the result obtained for
cosmic string space-time in [7] (Eq. (39) here), we can see that the eigenvalues
(38) get modifies (decreases) due to the presence of the Aharonov-Bohm
potential.
For ηc → 0, that is, only the linear scalar potential. The energy eigenval-
11
ues (37) reduces to
E2n,l = m
2 + k2 +
2mωc
α
(l − k χ− Φ)
+2
√
m2 ω2c + η
2
L (n + 1 +
|l − k χ− Φ|
α
)− m
2 η2L
ω2
. (40)
Equation (40) is the eigenvalues of a charged particle in the presence of
external fields including the Aharonov-Bohm potential in the cosmic string
space-time with a spacelike dislocation. For α → 1, the energy eigenvalues
(40) reduce to the result obtained in Ref. [37].
The wave-functions is given by
ψn,l(x) = x
√
(l−Φ−k χ)2
α2
+η2c
e
−
1
2
(
2mηL
ω
3
2
+x)x
H(x). (41)
Now, we impose additional recurrence condition cn+1 = 0 to find the
individual energy levels and the corresponding wave-functions one by one as
done in [50, 51]. As example, for n = 1, we have c2 = 0 which implies from
(35)
c1 =
2
(β + θ)
c0 ⇒ η
1 + 2 j
+
θ
2
=
2
(β + θ)
(42)
a constraint on the physical parameters.
Therefore, the ground state energy level for n = 1 is given by
E21,l = m
2 + k2 + 2 ηc ηL +
2mωc
α
(l − k χ− Φ)
+2mω1,l (2 +
√
(l − k χ− Φ)2
α2
+ η2c )−
m2 η2L
ω21,l
. (43)
The ground state wave function for n = 1 is given by
ψ1,l = x
√
(l−Φ−k χ)2
α2
+η2c
e
−
1
2
(
2mη1,L
ω
3
2
1,l
+x)x
(c0 + c1 x), (44)
where
c1 =
1√
ω1,l
[
2mηc
1 + 2 j
+
mη1,L
ω1,l
] c0. (45)
Here we have adjusted the potential parameter ηL → η1,L so that ω → ω1,l
and the first order polynomial solution to bound states can be obtained.
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2.3 Interaction with scalar and vector potentials
We choose the temporal component A0 to be Cornell-type given by
A0 =
ξc
r
+ ξL r, (46)
where ξc, ξL are the arbitrary potential parameters.
Substituting (13), scalar potential (23) and vector potential (46) into the
Eq. (12), we obtain
ψ′′(r) +
1
r
ψ′(r) + [λ0 − ω20 r2 −
j20
r2
− a0
r
− b0 r]ψ(r) = 0, (47)
where
λ0 = E
2 −m2 − k2 − 2 ηc ηL + 2 e2 ξc ξL − 2mωc
α
(l − Φ− k χ),
ω0 =
√
m2 ω2c + η
2
L − e2 ξ2L,
j0 =
√
(l − Φ− k χ)2
α2
+ η2c − e2 ξ2c ,
a0 = 2 (mηc + e ξcE),
b0 = 2 (mηL + e ξLE). (48)
Following the similar procedure as done earlier, we obtain the following sec-
ond degree eigenvalue En,l
(1 +
e2 ξ2L
ω20
)E2n,l + 2 (
emηL ξL
ω20
)En,l − {m2 + k2 + 2 ηc ηL − 2 e2 ξc ξL
+
2mωc
α
(l − k χ− Φ) + 2ω0 (n+ 1 + j0)− m
2 η2L
ω20
} = 0. (49)
With the energy eigenvalues associated with nth radial modes
En,l =
1
(1 +
e2 ξ2
L
ω20
)
[−emηL ξL
ω20
± {(emηL ξL
ω20
)2
+(1 +
e2 ξ2L
ω20
) {m2 + k2 + 2 ηc ηL − 2 e2 ξc ξL + 2mωc
α
(l − k χ− Φ)
+2ω0 (n+ 1 +
√
(l − Φ− k χ)2
α2
+ η2c − e2 ξ2c )−
m2 η2L
ω20
}} 12 ]. (50)
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Equation (50) is the eigenvalues of a massive charged particle in the presence
of external fields with Cornell-type scalar and vector potentals including the
Aharonov-Bohm potential in the cosmic string space-time with a spacelike
dislocation.
For ΦB 6= 0 and χ 6= 0, we can observe in Eq. (50) that there exists
an effective angular momentum leff =
1
α
(l − Φ− k χ). Thus the relativistic
energy levels depend on the Aharonov-Bohm geometric phase [41]. This
dependence of the energy levels on the geometric quantum phase gives rise
to the analogous effect to the Aharonov-Bohm effect for bound states [44, 45,
46]. Besides, we have that En,l¯(ΦB +Φ0) = En,l¯∓τ (ΦB) where, Φ0 = ± 2pi αe τ
with τ = 1, 2, 3, ....... and l¯ = l
α
.
For zero torsion parameter, χ→ 0, the eigenvalues (50) reduces to
En,l =
1
(1 +
e2 ξ2
L
ω20
)
[−emηL ξL
ω20
± {(emηL ξL
ω20
)2
+(1 +
e2 ξ2L
ω20
) {m2 + k2 + 2 ηc ηL − 2 e2 ξc ξL + 2mωc (l − Φ)
α
+2ω0 (n + 1 +
√
(l − Φ)2
α2
+ η2c − e2 ξ2c )−
m2 η2L
ω20
}} 12 ]. (51)
Equation (51) is the relativistic energy eigenvalues of a charged particle in the
presence of externsl fields including the Aharonov-Bohm potential subject to
Cornell-type scalar and vector potentials in a cosmic string space-time. we
can see in Eq. (51) that the angular momentum is shifted, l→ l′ = 1
α
(l−Φ).
So, the relativistic energy levels depend on the geometric quantum phase
[41]. This dependence of the energy levels on the geometric quantum phase
gives rise to the analogous effect to the Aharonov-Bohm effect for bound
states [44, 45, 46]. Besides, we have that En,l¯(ΦB +Φ0) = En,l¯∓τ (ΦB) where,
Φ0 = ± 2pi αe τ with τ = 1, 2, 3, ....... and l¯ = lα .
For zero torsion parameter, χ → 0, and ΦB → 0, the eigenvalues (50)
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reduces to
En,l =
1
(1 +
e2 ξ2
L
ω20
)
[−emηL ξL
ω20
± {(emηL ξL
ω20
)2
+(1 +
e2 ξ2L
ω20
) {m2 + k2 + 2 ηc ηL − 2 e2 ξc ξL + 2mωc l
α
+2ω0 (n+ 1 +
√
l2
α2
+ η2c − e2 ξ2c )−
m2 η2L
ω20
}} 12 ]. (52)
Equation (52) is the relativistic energy eigenvalues of a charged particle in the
presence of externsl fields subject to Cornell-type scalar and vector potentials
in a cosmic string space-time.
3 Conclusions
We have investigated the effects of torsion and topological defects that stems
from a space-time with a spacelike dislocation on the interaction between an
electrically charged particle and the external uniform magnetic field. In addi-
tion, we have assumed that the topological defects has an internal magnetic
flux. By solving the Klein-Gordon equation analytically, we have obtained
the relativistic energy levels (19). We have shown that for α→ 1, the energy
eigenvalues reduces to (22) which was obtained in Ref. [37]. Also we have
seen for zero torsion χ → 0 and ΦB → 0, the relativistic energy levels (19)
reduces to the result obtained in Ref. [7]. We can observed that the relativis-
tic energy eigenvalues (19) and (21) are the modified results in comparison
to the case obtained in Ref. [37] and Ref. [7], respectively.
We have extended our discussion to investigating the behavior of this sys-
tem under the influence of a Cornell-type scalar potential. Then, in the case
of Cornell-type scalar potential, we have calculated the energy eigenvalues
(37) of the system. We have shown that for α → 1 and ηc → 0, the energy
eigenvalues reduces to (40) which was obtained in Ref. [37]. Also, for zero
torsion χ → 0 and the Aharonov-Bohm magnetic flux ΦB → 0, the energy
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eigenvalues reduces to (39) obtained in Ref. [7]. Thus, we can observed that
the relativistic energy eigenvalues (37) and (38) are the modified results in
comparison to the case obtained in Ref. [37] and Ref. [7], respectively.
We also have extended our discussion to investigating the behavior of this
relativistic system under the influence of a Cornell-type scalar and vector
potentials. We have calculated the energy eigenvalues (50) of the system.
We have seen that these interaction gives rise to a relativistic analogue of
the Landau quantization [52], where the effects of torsion, cosmic string,
and potentials modify the energy levels by breaking the degeneracy of the
relativistic Landau levels. We have observed that the relativistic energy levels
(19), (37) and (50) depend on the Aharonov-Bohm geometric quantum phase,
where these energy levels are a periodic function of the geometric quantum
phase. Thus we have that, En,l¯(ΦB +Φ0) = En,l¯∓τ (ΦB) where, Φ0 = ± 2pi αe τ
with τ = 1, 2, 3, ....... and l¯ = l
α
. In all the above cases, we have seen that the
angular momentum l is shifted, leff =
1
α
(l − Φ − k χ), an effective angular
momentum.
In recent years, the thermodynamic properties of quantum systems [53,
54, 55, 56, 57], the quantum Hall effect [58, 59, 17] and displaced Fock states
[60, 61] have attracted a great interest in the literature. It is well known in
non-relativistic quantum mechanics that the Landau quantization is the sim-
plest system that we can work with the studies of the quantum Hall effect.
Therefore, the systems analyzed in this work may be used for investigating
the influence of torsion, the cosmic string as well as potential on the thermo-
dynamic properties and for searching the relativistic analogue of the quantum
Hall effect, and displaced Fock states in topological defects space-time with a
spacelike dislocation. So the present results with the previous known results
found in Refs. [37, 7] are important and present many interesting effect.
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